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Recently, Kamenev (D~$erentsiah@l Urarmeniya, 13 (1977), 2141L2148), has 
discussed the oscillatory property of regular solutions of the equation 
Y” + P(X)/(Y) = 0 
without the restriction p(x) > 0. The purpose of this paper is to show that 
Kamenev’s results do hold equally well in the case of the more general second order 
nonlinear equation 
1. INTRODUCTION 
Investigation, of oscillation of nonlinear second order equations was 
initiated by Atkinson [ 11, who obtained necessary and sufficient conditions 
for the oscillation of every regular (infinitely continuable) solution of the 
special equation 
y” + p(x) yzn+ ’ = 0, (1) 
where p(x) is positive and continuous for x > 0 and n is an integer greater 
than 1. Later, Bobisud [2] proved the oscillation theorems for the equation 
Y” + P(X) f(Y) = 0 (2) 
without the restriction p(x) > 0. Many authors (cf. Erbe [3], Kartsatos [S 1, 
Kiguradze [6], Onose [ 14, 151, Waltman [16], Macki and Wong [ 171 and 
Wong [ 181) have extended the results of Atkinson and Bobisud. 
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Recently, Kamenev [ 13 ] has discussed the oscillatory property of regular 
solutions of Eq. (2) under the assumptions that 
i’ r p(S) ds exists, 
0; I 
and 
f’(r) 2 k > 0, y E (--007 0) u (0, +oo), 
where p(x) is locally integrable and is not of constant sign, f(y) E 
C(-co, +co), sgnf(y) = sgn y, and f’(y) exists and is continuous for 
yE (--oo,o)u(o,+~). 
Our aim here is to show that Kamenev’s results do hold equally well in 
the case of the more general second order nonlinear equation 
MX)Y’)’ + P(X) f(y) = 0. (3) 
Thus, our theorems contain the results of Kamenev [ 131 as special case 
(r(x) c 1). 
The following assumptions are considered in the results of this paper: 
(i) p(x) is deJined for x > x,, and is locally integrable and is not of 
constant sign, 
(ii) .I’: If p(s) ds exists, 
(iii) r(x) E C([x, + oo), (0, +a)) and I+‘, ds/r(s) = +a, 
(iv) f(y) E C((-00, +co), (-00, +a)>, yf(y) > Ofory z 0 andf’(y) 
exists and f’(y) E C((-co, 0)~ (0, +m), (0, +a)), f’(y) > k > 0 for 
yE(-ao,O)LJ(O,+co). 
A regular function which is defined for all large x is called oscillatory, if it 
has no last zero, otherwise, it is called nonoscillatory. The coefficient p(x) of 
(3) satisfying (ii) is called an integrally small coefficient. 
In the proof of our results, we use a simple lemma that is an inversion of 
one of Hartman’s lemmas [ 4 1. 
LEMMA. Suppose that Eq. (3) has a regular nonoscillatory solution 
J’(X) # 0 for x > x0 and let w(x) = r(x) y’(x)/f (y(x)). Then 
_( ~- -+ I’ %(-~)f ‘(Y(X)) dx < +oo r(x) , (4) 
lim W(x) = OF (5) x-f Lx 
*+x 
w(x) = 1 
w2(s) f’(y(s)) 
ds + I+ 3 p(s) ds. 
” I 4s) -’ x 
(6) 
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Proof: From (3) and W(X) = r(x) y’(x)/f(y(x)), we get 
)y,(x) + w’(x) f’(.w)) 
r(x) 
+ p(x) = 0. 
Thus 
w(t) - w(x) + +’ w’w-‘bw ( ds = -it p(s) ds. 
J’x r(s) ‘X 
This and (ii) imply that 
exists and is finite. If (4) does not hold, then by (8), 
tQ”, WO) r l w’(s)f’(y(s)) ds =-l* ‘X 4s) 
This means that there exists x, > x,, such that for t > x, 
ww 1 
-I w’(s)j-‘(y(s)) ds G - T’ 
I ‘X f-(s) 
From (iv), we have for f > x, 
k - < f’M0) < w*wYY(m 
[f 
’ w2wY4’w ds 
I 
- * 
W) 4W r(t) *x r(s) 
, 
-= k 
“x, 4ro dt <,f;, w2(‘);;;y(L)) [ 1; w2(s);;;y’s” ds] -* dr Qf, $. I 
Thus 
a contradiction to (iii). This establishes (4). Using (4) and (8), we obtain (5). 
Taking the limit for t --+ +co in (7), we have (6). Hence the proof is com- 
plete. 
Remark 1. Hartman 141 has discussed the lemma for the case r(x) 3 1. 
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Before going into our main results, we introduce the following conditions 
and notations: 
+= dy 
I- 
.-- u: dy 
- 1 f(Y) < +a0, !-, f(Y) < +Oov 
I_’ dy *-I 
.L f(Y) < +Oo3 
4, 
‘0 f(Y) < +O”* I- 
If condition (HJ is satisfied, the function d(y) = JS dt/f(t) is defined for all 
y, and d(y) ) 0 for all y. 
where P+ (4 = f b(x) + IP( I. 
Finally, we define the sequence of function a,(x) p = 0, l,..., as follows: 
a&) = P(X)9 a,(x)= i’“gds, 
q7+,w= 1 
+cc [ads) + WM j; 
‘x r(s) 
for p= 1 2 3 )... 
2. MAIN RESULTS 
THEOREM 1. Suppose that there exists a positive integer m such that 
a,(x) is defined for p = 0, l,..., M - 1, but a,,,(x) does not exist. ff (9) holds, 
then every regular solution of (3) is oscillatorJ7. 
ProojY Assume that there is a nonoscillatory regular solution y(x) # 0 of 
(3) for x > x0. Let w(x) = r(x) y’(x)/f( y(x)). It follows from the lemma that 
(4)-(6) hold. By (6) and (9), we have w(x) > a,,(x) > 0. Thus 
w’(x) > a:(x). (11) 
From (4)(iv) and (6), we see that I’” (w’(x)/r(x)) dx < +a0 and 
W(X) > k f”” z ds + a,,(x). 
‘X 
(12) 
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If m = 1, then (11) gives that 
-+m c-&s) *+lz w*(s) 
T(s)w -ds < +a~, -x d.x r(s) 
a contradiction to the nonexistence of a,(x). If m > 1, then (11) and (12) 
imply that 
w(x) 2 q,(x) + ka,,-. ,(x1, 
I 
*+% lads) + ka,-,ts)l* ds < +a: w*(s) ds < +co 
4s) 
\ 
-x I- 
, 
x 4s) 
a contradiction to the nonexistence of a,(x). Thus every regular solution of 
(3) is oscillatory. 
Remark 2. If p(x) has constant sign and r(x) = 1 the theorem can be 
obtained by comparison with the corresponding second order linear equation 
considered in [9 J. 
THEOREM 2. Suppose that there exists a positive integer m such that 
a,,(x) is defined for p = 0, l,..., m - 1 and 
tm b%(x) + k(x)1 dx = +co 
r(-G 
If (9) and (H,) hold, then every regular solution of (3) is oscillatory. 
Proof: Assume that (3) has a nonoscilatory regular solution y(x) # 0 for 
x2x,. Let w(x) = r(x) y’(x)/“(y(x)). It follows from the lemma that 
(4)-(6) hold. From (6), we have 
w(x) 2 a,,(x) + h,,(x), Y’(X) i.e., - > ad4 + b&4 
f(Y(X)) ' r(x) 
* (14) 
Integrating it from x,, to x and using (13), we get 
.Y(x) dt I rX adO + ka,W dt ~+~ - Y(X”) f(t) a!,, r(t) as x++co; 
this contradicts condition (H,). Thus every regular solution of (3) is 
oscillatory. 
Remark 3. Theorem 2 in the case r(x) zz 1 for us to prove that (3) is 
oscillatory in the case when Atkinson’s conditions (I* X xp(x) dx = +a~) do 
not hold, since the conditions 1’ J3 p(x) dx < +a~ and j’ z xp’(x) dx = +oo 
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can be satisfied simultaneously. In this case, condition (13) is satisfied for 
m= 1. 
THEOREM 3. Let 
lim sup x- c X’ I[ ( 
w(x) w(x) + ( +s ,::r(s) )] -1 Q?(s)ds// =+co, (15) 
where y(x) is defined by (10). Then every regular solution of (3) is 
oscillatory. 
Proof: Assume that (3) has a regular nonoscillatory solution y(x) # 0 for 
x > x0. Letting W(X) = r(x) v’(x)/f(~$x)) and applying the lemma, we have 
w(x) = u(x) + P(X), where U(X) = 1 
r+‘x w’w-‘(r(s)) ds 
“X 4s) ’ 
Since 
-u’(x) = w’w-‘(Y(~)) > klu(x) + P(412 > 4WX)P+ (XI 
44 ’ 44 ’ 44 ’ 
(1’5) 
we obtain 
44 < &J w (-4kj;“p+(r) ds) = 44. 
From this and (iv), 
*x dt 
-+a w2(s) 
x I I -ds<!c, A(s) ds = K, u/(x). -2-o dI r(s) .x0 
Thus 
(17) 
I ‘x ads < K2 + K, v(X), -x,, 4s) 
K, > 0, K2 > 0. 
From this and Schwarz’s inequality, we have 
(18) 
G IK, + K, v(X)] jx T dS. 
x0 
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It follows from (16) and (18) that 
~)~~,U(S)dSi~~“P(S)dS( ~{[K,+K,W(x)Ijx~ds~ ‘!2. (19) 
’ X” 
Hence 
i.e., 
a contradiction. This contradiction proves our theorem. 
COROLLARY 1. Zf 
s 
+a: A(x) dx < +al, (21) 
then every regular solution of (3) is oscillatory. 
THEOREM 4. Let (H2) hold and there be a nonincreasing positive 
function d(x) such that for any K > 0, 
‘i$izf fX ti(s)l#(s) + K/‘!(S)] ds = --co, 
- XI) 
(23) 
where A(x) is defined by (10). Zf ( ) r x is nonincreasing then every regular 
solution of (3) is oscillatory. 
ProoJ Assume that (3) has a regular nonoscillatory solution y(x) # 0 for 
x > x0. Let W(X) = r(x) y’(x)/f (y(x)). As in the proof of Theorem 3, we see 
that w(x) = U(X) + p(x) and (16) holds. Thus 
I x 4(s) r(s) j$$$ ds ,< fx #(s)[#(s) + KA(s)] ds, K > 0. (24) X” ” XII 
56 CHEN AND YEH 
Since 4(s) T(S) is nonincreasing, it follows from the second meanvalue 
theorem that 
.I,, @Q) r(S) f( y(s)) v’O ds = $k,) &,) j:,, ff$ 
= 4(x0) r(xo)l~(Y(x)) - 4be”))l (25) 
> -mlJ &I) #(Y(XcJ)- 
From (25) and (23), we have 
-titxo) r(xo) $(y(xo)) G r WlP(d + K~(s) I ds + --co as x++co. 
- X” 
This contradicts (23). Thus our proof is complete. 
COROLLARY 2. Let (H,) and (12) hold and there exists a nonincreasing 
positive function #(x) such that 
Ii$+izf ix O(s) p(s) ds = -CO. 
* x0 
(26) 
Zf r(x) is nonincreasing, then every regular solution of (3) is oscillatory. 
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